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In this expository note we give 2 proofs of the following theorem of Shankar SEN. Given
a field k and a power series f(T) in k[[T]], denote by ord(f) the order of vanishing of f at
zero. So, we have ord(f) := +oo if f(T) is identically zero and otherwise ord(f) is the lowest
degree of a nonzero term of f(T). On the other hand, put f%(T) := T, and for each strictly
positive integer j denote by f/(T) the j-th iterate of f(T).

Theorem 1 ([Sen69, Theorem 1]). Let p be a prime number, k a field of characteristic p,
and

fiT) = T+ ayT? + - - -
a power series in k[[T]]. For every nonnegative integer n, put

i, := ord <M#> .

Then, for every strictly positive integer n such that i, is finite we have
in =1i,1 mod p".

In §1 we give SEN’s original proof. This proof is elementary and short, but rather tricky.
In §2 we give (a simplified version of) LUBIN’s proof in [Lub95]. This proof is even shorter
than SEN’s original proof, and it is also conceptual: The number i, —i,_; is interpreted as the
number a periodic points of minimal period p™ of a “lift” of the power series f(T). The proof
given in §2 is taken from [LRL16, §3.1], where a higher order version of Sen’s theorem is
shown. See also [Li96, Theorem 3.1] for another variant of LUBIN’s proof.

Acknowledgments. The author would like to thank David CRNCEVIC for a careful reading
of this note.

1. SEN’S ORIGINAL PROOE

Denote by k((T)) the field of LAURENT power series, and extend the valuatioin ord to k((T)).
For each nonzero integer p1, denote by m(u) the largest integer m > 0 such that p™ divides p.

Let go(T) be the power series in k[[T]] given by go(T) := 1, and for every strictly positive
integer p put

p-1
0T = [ |,
j=0

Morevoer, for each stricly negative integer p1, put g, := 1/g_,.
Lemma 1. For every infeger i1 we have

ord(g,(T)) = p and ord(g, o f(T) — gu(T)) = & + im(y-
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Proof. If p is nonnegative, then the first assertion follows from the observation that for every

nonnegative integer j we have ord(f/(T)) = 1, and the second assertion follows from the
identity g, o f(T) = g,(T) - f*(T)/T. The case where p is strictly negative follows easily from
the case where 1 is nonnegative. 0

Lemma 2. Let h(T) in k((T)) be nonzero. Then, for every integer p satisfying p > ord(h)
we can choose an element ¢, of k such that

+00
(1.1) h = Z Cllg[l'

p=ord(h)

Proof. For p = ord(h), let coum) be the coefficient of Tord®) in h(T). Let p be an integer
satisfying g1 > ord(h), and such that for every m in {ord(h),...,p} the coefficient c,, has
been defined. Then, define c, .4 as the coefficient of T#*" in h(T) — Y3/ _ 4 CmTm-

Let E(T) be given by the right side of (1.1). By the first assertion of Lemma 1, for every
integer pu satisfying g > ord(h) we have

n +00
ord(h — h) > max < ord | h — Z CmGm | ,ord Z Cm0Om >pn+ 1.

m=ord(h) m=p+1
Taking p — +00, we obtain the lemma. 0
Lemma 3. Lef n be a strictly positive integer such that i,,_y is finite, and suppose that for
everyjin {1,...,n — 1} we have
ij4 =i; mod p.
Then the following properties hold:
1. For every integer p satisfying m(u) < n — 1, we have

B+ imy) F ints
2. For every pair of distinct integers i and p’ satisfyingm(p) < n —1and m(p’) < n —1,
we have
Bt imp) £ B+ s
3. For every LAURENT power series h(T) in k((T)) satisfying

ord(h(T)) > in_q1 —in +1,

we have
ord(h o f(T) — h(T)) # in-1-

Proof. To prove item 1, note that pm(”)+1 divides ip_1 — imp). Thus p # i,_1 — im( and
therefore p + i) # tn-1.

To prove item 2, note that the case where m(u) = m(p’) is trivial. Suppose m(pu) £ m(y').
Interchanging p and g’ if necessary, we assume m(p) > m(p’) + 1. Then, our hypotheses
imply that p™®)*! divides iy () — im)- On the other hand, p™*)*! does not divide p — g/, so
we have

B= 1 i) = D
This implies item 2.
2



To prove item 3, for each integer p satisfying p > ord(h) let ¢, be given by Lemma 2 so
we have (1.1). If p is an integer satisfying p > ord(h) and m(pn) > n, then we have

ord(g, o f(T) — gu(T)) = B + img > ord(h) + iy, > inq + 1.

Write
hof(T) =h(T) = > culguof(T) =gulT) + D culguofIT) — gu(T)).
uf?zd(h)l u=(01;d>(h)
m{p)<n-— mipg)zn

By the considerations above, the order of second sum is at least i,,_; + 1. On the other hand,
by Lemma 1 and items 1 and 2, the orders of the terms in the first sum above are pairwise
distinct and none of them is equal to i, ;. Combined, these properties imply that the order
of h o f(T) — h(T) is different from i,_;. This completes the proof of the lemma. U

First proof of Theorem 1. We proceed by induction. Let n be an strictly positive integer and
suppose that for every power series g(T) in k((T)) that is tangent to the identity at T = 0 and
for every j in {1,...,n — 1} we have

Y(T) - T T - T .
ord <%> = ord <%> mod p’.

Note that for n = 1 this assertion is vacuously true. Suppose that there was a power series f(T)
in k((T)) that is tangent to the identity at T = 0 and such that

in #i,_1 mod p".
Applying the induction hypothesis to g = fP, we would have
in = in_4 mod p" L.

Thus, n — 1 would be the largest nonnegative integer m such that p™ divides i,_4 — i,. Put
s—1
§:=ln_y — in and go(T) := | [FP(T),
j=0

and note that by Lemma 1 with f replaced by fP we have ord(g,) = s and
fro(T) =T

ond(g o 717) (1) = s+ ond (7

>=S+in=in_1.

On the other hand, putting
h(T) := G5(T) + gs o f(T) + -+ + g5 o fP7H(T),
we have
ord(h) > ord(g;) +1 =iy —i, +1
and
ord(h o f(T) — h(T)) = ord(g; o f*(T) — gs(T)) = in-1.

We thus obtain a contradiction with Lemma 3(3). This proves the theorem in the case
where n = 1, and the induction step in the case where n > 2. Thus, the proof of the

theorem is complete. O
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2. A SIMPLIFIED VERSION OF LUBIN’S PROOF

We follow LuBIN’s strategy of lifting the power series to a field of characteristic zero,
where i, —i,_1 can be interpreted as the cardinality of a certain set of periodic orbits of
minimal period p", see [Lub95]. The main difficulty in this approach is to find a lift whose
periodic points are simple. LUBIN achieved this through an inductive perturbative procedure.
We use that all the periodic points of a generic polynomial are simple.

Lemma 4. Let K be an algebraically closed field of characteristic zero, let d > 2 be an
integer, and let ay, ..., ag be elements of K that are algebraically independent over the
prime field of K. Then, all of the periodic points of the polynomial

g+ a1z + -+ + aqz®
in K are simple.

Proof. Suppose there were an integer n satisfying n > 1 and a periodic point z; of period n
of P that is not simple, so that (P")'(z,) is a root of unity. Denote by Q the prime field of K, and
let 0: Q[zo,ay,...,aq] = C be a ring homomorphism such that for every j in {0,...,d —1}
we have ¢(a;) = 0 and such that o(ag) = 1. Then o(P)(z) = z? and 0(z) is a periodic point
of period n of o(P), so |0(z)| = 1 and

|0((P")'(20))] = |(0(P)") (0(z0))] = |d"0(z0)" | = d".

However, |0((P™)'(zo))| = 1 because by hypothesis (P")'(zy) is a root of unity. This contradiction
completes the proof of the lemma. O

Given an ultrametric filed K, denote by Oy its ring of integers, by mi the maximal ideal
of Ok, and by K the residue filed Ok/mg of K. The reduction of a power series f(z) in Ok[[z]]
is the power series 7(T) in IN{[[T]] obtained by taking the reduction of the coefficients of f(z).
The WEIERSTRASS degree wideg(f) of f(z) is defined by wideg(f) := ord(f(T)). In the case
where K is algebraically closed and wideg(f) is finite, wideg(f) is equal to the number of

zeros of f(z) in mg counted with multiplicity, see for example [Lan02, §VI, Theorem 9.2].
Second proof of Theorem 1. Let a in k be such that
fP"UT) = T+ Tt mod Ti-t*1,
An induction argument shows that for every integer m satisyfing m > 1, we have
fm"NT) = T+ maT™ mod T+,

Taking m = p, we obtain f?"(T) = T mod T»-'*! and therefore i, > i,_; + 1.

To prove the second assertion, we assume without loss of generality k is algebraically
closed and therefore perfect. Then, there is an algebraically closed field K of characteristic
zero that is complete with respect to a non-trivial ultrametric norm and such that its residue
field K is isomorphic to k, see for example [Ser68, I, Théoréeme 3]. We identify k and K.
Then K is uncountable and therefore we can choose for each j in {1,...,i,} an element q;

of Ok such that the ay, ..., a;, 1 are algebraically independent over the prime field of K and
such that the reduction P(T) of the polynomial

P(z) =ayz + - + a;, .4z
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in O[[z]] satisfies P(T) = f(T) mod T»*2. Then
wideg <PPH(Z) - z> = i1 + 1 and wideg (P*"(z) —z) =i, + 1

and by Lemma 4 all the periodic points of P are simple. It follows that the set Z of all zeros
of PP"(z) — z in my that are not zeros of pr’ (z) — z, consists of all the periodic points of P
in mg whose minimal period is p". Since P(myg) = my, it follows that Z is a union of periodic
orbits of minimal period p", so p" divides #Z. Since

#Z = wideg (P*"(z) — z) — wideg (PPH(Z) — z> =in —in_1,
this proves that i, — i,_4 is divisible by p" and completes the proof of the theorem. O
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